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Abstract 



Let p be an irregular prime. Let K = Q(C) be the p-cyclotomic field. From 
Kummer and class field theory, there exist Galois extensions S/Q of degree p{p — 1) 
such that S/K is a cyclic unramified extension of degree [S : K] = p. We give an 
algebraic construction of the subfields M of S with degree [M : Q] = p and an explicit 
formula for the prime decomposition and ramification of the prime number p in the 
extensions S/K, M/Q and S/M. In the last section, we examine the consequences 
of these results for the Vandiver's conjecture. This article is at elementary level on 
Classical Algebraic Number Theory. 
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1 Some definitions 



In this section we give some definitions and notations on cyclotomic fields, p-class 
group, singular numbers, primary and non-primary, used in this paper. 



1. Let p be an odd prime. Let £ be a root of the polynomial equation X p + 

XP~ 2 h hl + l = 0. Let if be the p-cyclotomic field K = Q(() and K its 

ring of integers. Let K + be the maximal totally real subfield of K, Ok+ its ring 
of integers and 0* K+ the group of unit of Ok+ ■ Let v be a primitive root mod p 
and a : C — * C v be a Q-automorphism of X. Let G be the Galois group of the 
extension K/Q. Let F p be the finite field of cardinal p and F* its multiplicative 
group. Let A = £ — 1. The prime ideal of K lying over p is ir = A Or-. 

2. Let C p be the p-class group of K p (the set of classes whose order is 1 or p). Let 
r be the rank of C p seen as a F p [G]-module. If r > then p is irregular. Let C p 
be the p-class group of . Let r + be the rank of . Then C p = C+ ® C~ 
where C~ is the relative p-class group. 

3. C p is the direct sum of r subgroups Tj of order p, each Tj annihilated by a 
polynomial a — /Xj £ F p [G] with /ij E F*, 

(1) C p = ©[ =1 Tj. 

Then fi = v n mod p with a natural integer n, 1 < n < p — 2. 

4. An integer A G 0/^ is said singular if ^4 1//p iT and if there exists an ideal a of 
Ok such that AOk = <* p - Observe that, with this definition, a unit 77 6 0* K+ 
with r/ 1 ^ €" is singular. 

5. A number A G -fT is said semi-primary if ^(A) = and if there exists a natural 
integer a such that A = a mod 7r 2 . A number A £ K is said primary if f ^ (^4) = 
and if there exists a natural integer a such that A = aP mod 7r p . Clearly a 
primary number is semi-primary. A number A G K is said hyper-primary if 
UTr(-A) = and if there exists a natural integer a such that A = a p mod 7r p+1 . 



2 Some preliminary results 

In this section we recall some properties of singular numbers given in Queme [5] in 
theorems 2.4 p. 4, 2.7 p. 7 and 3.1 p. 9. Let T be one of the r subgroups defined 
in relation ([1]). 

1. If r~ > and T C Cp": then there exist singular semi-primary integers A with 
AOk = a p where a is a non-principal ideal of Ok and verifying simultaneously 

Cl(a) E T, Cl{a a -») = 1, 
o-(A) = A p xa p , fie F;, a G K, 

fi = V zm+L mod p, m G N, 1 < m < 



' " ' ,,2771+1 J _ ™ C M 1 ^ ™ ^ P 
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7r 2m+1 I A - a p , a G N, 1 < a < p - 1. 
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In that case we say that A is a negative singular integer to point out that 
Cl(a) G C~ . Moreover, this number A verifies 

(3) AxA = D p , 
for some integer D G 0* K+ . 

(a) Either A is singular non-primary with 7r 2m+1 || A — dP . 

(b) Or A is singular primary with tt p \ A — aP . In that case we know from class 
field theory that r + > 0. 

(see Queme [5] theorem 2.4 p. 4). The singular primary negative numbers 
are interesting because they exist if and only if h + = mod p (the Vandiver 
conjecture is false). 

2. If r + > and T C C+: then there exist singular semi-primary integers A with 
AOk = a p where a is a non-principal ideal of Ok and verifying simultaneously 

Cl(a) g r, Cl(a a -^) = 1, 

a{A) = A fl xa p , fj, G F*, a £ K, 

(4) p — 3 
= v 2m mod p, m G Z, 1 < m < 



2 1 

7r 2m |A-a p , aGZ, l<o<p-l, 

In that case we say that A is a positive singular integer to point out that 
Cl(a) G C+. Moreover, this integer A verifies 

(5) |=^, 

for some number D G iO". If h + = mod p then D ^ 1 is possible, for instance 
with a = q where q is a prime ideal of Ok, Cl(q) G and q = 1 mod p. 

(a) Either ^4 is singular non-primary with it 2 " 1 \\ A — a p . 

(b) Or A is singular primary with ir p \ A — a p . 

(see Queme, [5] theorem 2.7 p. 7). 

3. If /i = v 2m mod p with 1 < m < p -^-'- then there exist singular units A G 0^-+ 
with 

cr(A) = A^ x a p , /i£F*, a G 0^+, 

(6) /i = t> 2m mod p, m G Z, 1 < m < 



2 

vr 2m |A-a p , oeZ, l<o<p-l, 
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(a) Either A is non-primary with 7r 2m || A — dP . 

(b) Or A is primary with ir p \ A — a p . 

(see Queme, [5] theorem 3.1 p. 9). 

The sections H] and are, for a large part, a reformulation of Hilbert theory of 
Kummer Fields, see [I] paragraph 125 p. 225. 

3 Singular i^-extensions 

Some Definitions 

1. In this section, let us denote V one of the r subgroups of order p of C p defined 
by relation ([I]). Let A be a singular semi-primary integer, negative or positive, 
verifying respectively the relations @ or Q . We call S = K(A l l p ) / K a 
singular negative, respectively positive K-extension if T G C~ , respectively 

r e c+ 

2. Let A be a singular unit verifying the relation ([6]). We call S = K(A 1 / p )/K a 
singular unit i^-extension. 

3. A singular i^-extension S = K(A l l p ) is said primary or non-primary if the 
singular number A is primary or non-primary. 

4. If S is primary then the extension S/K is, from Hilbert class field theory, the 
cyclic unramified extension of degree p corresponding to T. 

5. Observe that the extensions S/Q are Galois extensions of degree p(p — 1). 

Lemma 3.1. There is one and only one singular negative K-extension corresponding 
to a group V C C~ . 

Proof. For V given let us consider two singular negative iC-extensions S/K and S' /K. 
AOk = a p and A' Ok = o /p - The polynomial a — [i annihilates < CI (a > and 
< Cl(a' >. Then < Cl(a) > = < Cl(a') > = V, thus there exists n, 1 < n < p - 1 
such that Cl(a n ) = Cl(a'). Therefore A n = A' x j p x e, e £ 0* K , 7 G K. It follows, 
from AA = D p and A'A' = D' p with D, D' G K +, that ee G 0*^ + . Therefore 
e = ( w £ p , £1 G 0* R+ . Then A n = ^VC^iC • A and A' are semi-primary, thus it 
follows that w = 0. Therefore ^(yl 1 ^) = i^' 1 ^). □ 

Remark: Observe that we consider in this article only singular semi-primary num- 
bers. Let A be a singular semi-primary number. Then A' = AC, is not semi-primary 
and K(AVp) ^ K{A l l p ). 
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Lemma 3.2. If fi ^ 1 and // p 1 '' 2 = 1 mod p there is one and only one singular 
unit K -extension S/K depending only on fi. 

Proof. The subgroup of 0* K+ /0*£ + annihilated by a — n is of order p and the rank 
of 0* K+ /0% + is H=3. ' V □ 

Lemma 3.3. it is the only prime which can ramify in the singular K -extension S/K 
and the relative discriminant of S/K is a power of tt. 

Proof. S/K is unramified except possibly at tt, (see for instance Washington [8] ex- 
ercise 9.1 (b) p. 182). The result for relative discriminant follows. □ 

Lemma 3.4. 

1. There are r + singular primary negative K-extensions S/K . 

2. There are r~ — r + singular non-primary negative K-extensions S/K . 

Proof. The first part results of classical theory of p-Hilbert class field applied to 
the field K and of previous definition of singular K-extensions S^ (see for instance 
the result of Furtwangler in Ribenboim [6] (6C) p. 182) and the second part is an 
immediate consequence of the first part. □ 



4 Singular Q-fields 

Let A be a semi-primary integer, negative (see definition ([2])), positive (see definition 
(jl))) or unit (see definition ©). Let u be an algebraic number defined by 

(7) lj = A^-V/p. 

We had chosen this definition instead of u = A l / p because A p ~ l = 1 mod tt simplifies 
computations. Then S = K(u) is the corresponding singular if -extension. Observe 
that this definition implies that u> € O5 ring of integers of S. 

Lemma 4.1. Suppose that S/K is a singular primary K-extension. Let 6 : u> — > 00C, 
be a K -isomorphism of the field S. Then, A is hyperprimary and there are p prime 
ideals of O5 lying over tt. There exists a prime ideal ttq of Os lying over tt such 
that the p prime ideals ir n = 9 n (iro), n = 0, . . . ,p — 1 of Os lying over tt verify the 
congruences 

(8) 7r ° 2 !, w " 1 ' 

TT n || U) - 1, . . . ,71 = 1, . . . ,p - 1. 

Proof. 
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1. From Hilbert class field theory and Principal Ideal Theorem the prime principal 
ideal tt of K splits totally in the extension S/K. The ideal tt does not correspond 
to the case III.c in Ribenboim |6j p. 168 because tt is not ramified in S/K. The 
ideal tt does not correspond to the case Ill.b in Ribenboim [6] p. 168 because 
tt is not inert in S/K. Therefore tt corresponds to the case III. a and it follows 
that there exists a± € Ok such that A = a\ mod tt p+1 . Therefore there exists 
a 6 Z such that a = a\ mod tt and A = dP mod tt p+1 , thus A is a singular 
hyper-primary number and A p ~ l = 1 mod tt p+1 . 

2. Then uj p — 1 = mod tt p+1 . Let 9 : u> — > <j->£ be a fT-automorphism of the field S. 
Let II' is any of the p prime ideals of Os lying over tt. Then ttOs = Iln^o %n ' 
where Tr' n = 8 n (H'), n = 0, . . . ,p — 1 are the p prime ideals of Os lying over tt. 

3. From A^ 1 = 1 mod tt p+1 we see that 

p-i 

U P - 1 = J] - 1) = mod TT^+Vf +1 . . . TT^i 1 . 

n=0 

It follows that there exists a prime ideal II of Os lying over tt such that uj — 1 = 
mod II 2 because there exists / such that ujC} — 1 = mod tt'q) so II = 9~ 1 (tt' , 
and that II |j ujC i ~ n — 1 for n = 1, ... ,p — 1 because EE || £ — 1. Let us note iT n = 
9 n {U) for n = 0, . . . ,p- 1. It follows that, for n = 1, . . . ,p - 1, vr n || uj( n C~ n - 1 



and so 
(9) 



oj — 1, 

| a; — 1, . . . , re = 1, . . . ,p — 1. 



□ 



Lemma 4.2. Suppose that S/K is a singular non primary K -extension. Let II be 
the prime of S lying over tt. Then U \ u — 1. 

Proof. The extension S"/^ is ramified therefore ttOs = II P . A p ^ 1 = 1 mod 7r n 
for some n > 1 and so lo p — 1 = 1 mod II np because vrO^ = IF\ Therefore w = 
1 mod II. □ 

We know that there are p different automorphisms of the field S extending the 
Q-automorphism a of the field K. 

Lemma 4.3. There exists an automorphism of S/Q extending a such that 

(10) cj ct "^ = 1 mod tt 2 . 

Proof. 
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From a (A) = A fJ, a p there exist p different automorphisms crr w -\, w = 0, . . . ,p — 1, of 
the field S extending the Q-isomorphism a of the field K, defined by 

(11) o (w) {u)=^ a v- l C, 

for natural numbers w = 0, 1, . . . ,p — 1. There exists one and only one w such that 
oi p ~ l x ( w is a semi-primary number (or a p_1 X £ w = 1 mod 7r 2 ). Let us set a^ = ar w ) 
to emphasize the role of [i Therefore we get 

(12) a pip) = (J* mod vr 2 , 

because uj,a^(oj) G O5. □ 
Lemma 4.4. of (ui) =uj. 

Proof. We have of 1 (A) = a p ~ 1 (A) = A therefore there exists a natural integer w\ 
such that aft" (u>) = oj x Q Wl ■ We have proved in relation (fT2|) that 

(13) <7 M (u>) = mod vr 2 , 

thus afT 1 ^) = 1 = w x j 4(p~ 1 )(^ p = (j mod 7r 2 which implies that w\ = 

and that cr^ - (u;) = cj. □ 

Let us define O G O5 ring of integers of 5 by the relation 



P-2 

(14) " = 

i=0 



Theorem 4.5. M = Q(fi) is a field with [M : Q] = p, [S : M] = p-1 anda^(n) = Q. 
Proof. 

1. Show that f2 7^ 0: If S/K is unramified, then u = 1 mod 7r implies with definition 
of $7 that f2 = p — 1 mod tt and so f! / 0. If S/K is ramified, then u = 1 mod LT 
implies with definition of Q that O = p — 1 mod II because 0^(11) = n and so 

2. Show that Vt^K: from a^u) = uPcP-^C? we get 

p-2 

n = Y,^ modp xf3i, 

i=0 

with /3j G ET. Putting together terms of same degree we get Q = X)j=i 7j u; ' 5f 
where jj G -fT are not all null because $7^0. 17 G K should imply the poly- 
nomial equation YJj=\ ^ x 7j — 7 = with 7 G K, not possible because the 
minimal polynomial equation of u> with coefficients in K is uj p — A p ~ l = 0. 
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3. Show that M = Q(O) verifies M C S with [M : Q] = p and [S : M] = p — 1: 
iS/Q is a Galois extension with [S : Q] = (p — Let Gs be the Galois group 
of S/Q. Let < > be the subgroup of G$ generated by the automorphism 
°"u G Gg. We have seen in lemma S3] that aft~ (u) = u>. In the other hand 
cr^ _ (C) = C an d 0"«(C) 7^ C f° r n < P ~~ 1 an d so < er^ > is of order p — 1. 

4. From fundamental theorem of Galois theory, there is a fixed field M = S' <cr ^ > 
with [M : Q] = [G5 :< cr^ >] = p. From 0^(0) = O seen and from definition 
relation (JUJ) it follows that fieM and from it follows that M = Q(fi). 
Thus S = M(C) and w£S can be written 

p-2 

(15) uj = 1 + ^UjA\ uji € M. 

i=0 

with A = ( — 1 and with cr^Ui) = u>i because a^(Q) = fi. 

□ 

Some definitions: The field M C S is called a singular Q-field. In the sequel 
of this paper we are studying some algebraic properties and ramification of singular 
Q-fields M. A singular Q-field M is said primary (respectively non-primary) if S is a 
singular primary (respectively non-primary) iT-extension. 

5 Algebraic properties of singular Q-fields 

1. From Galois theory there are p subfields Mj, i = 0, . . . ,p — 1, of 5 of degree 
[Mi :Q]=p. 

2. The extension S/Q is Galois. Let 9 : oj — > ojC, be a i^-automorphism of S. There 
are p automorphisms (Xj, i = 0, . . . ,p — 1, of S extending the Q-automorphism 
a of K verifying ai{6 l {uj)) = (9 1 (uj))^(3 for the semi-primary (3 € K. 

3. We have defined in relation (|14p f2 = X]fc=o cr ^( u; )- For * = 1> • • ■ ,P — 1 we can 
define similarly Qi = X^feZo °u(^ i ( a; ))- Then we show in following result that 
the fields Mj can be explicitly defined by Mj = Q(f2j), i = 0, . . . ,p — 1. 

Lemma 5.1. TTie singular Q-fields Mj = Q(J7j), . . . ,p—l, are the p subfields of degree 
p of the singular K-extension S/K . 

Proof. 
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1. We set here 00 = °~u, an d Mq = M. Show that the fields Mq, Mi, . . . , M p _i are 
pairwise different: ai{6 l {uj)) = {0 1 {uj)Y(5, hence a^ujQ) = {ojQY(5, hence 

(16) <n(u) =uj^PC^- v \ 

Suppose that Mj = M^: then the subgroups < a; L > and < ov > of Gal(S/Q) 
corresponding to the fixed fields Mi and M^ are equal. Therefore there exists a 
natural integer /, 1 < / < p — 2 coprime with p — 1 such that ay = a\. 

2. o"j/(C) = c'(C)) hence = , hence v = v l mod p, hence v 1 ^ 1 = 1 mod p, 
hence Z — 1 = mod p — 1 and therefore I = 1 mod p — 1. In the other hand 
1 < ^ < P — 2, thus / = 1 and o~i(uj) = <7j/(u;). From relation (|16p this implies 
that i = i' . 

□ 

In the following theorem, we give an explicit computation of for i = 0, . . . ,p — 1. 
Let us denote [i^ for \i k mod p. 

Lemma 5.2. The subfields of degree p of the singular K-extension S are the singular 
Q-fields Mi = Q(fii), i = 0, . . . ,p — 1, where 

p-2 

(17) k=0 

k=0 

Proof. We start of = X^fc=o ^(^i^)) an d we compute af(9' l (u)). Let us note 
Wi = 0*(w). Giiwi) = tcf/3, hence of (ts7<) = a(mY(r(P) = (wf /3)^(r(/3) = wf p>+*. 
Pursuing up to A;, we get o\ fa) = wf ^ k -^)/i^) . But wf = (wC*) M * = w"*^*- 
We can also compute at first (7 = X^fc=o w/i ~^ ))/(°" - ^) and then verify directly 
that = Ui. Then = ^ fc ^(p-i)(M fc -^)/P. □ 



6 The ramification in the singular primary q- 
fields 

1. Observe at first that the case of singular non-primary Q-fields can easily be de- 
scribed. The extension S/K is fully ramified at it, so pOs = tt^ p l \ Therefore 
there is only one prime ideal p of M ramified with pOu = P p - 
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2. The end of this section deals with the ramification of singular primary Q-fields 
M. In that case S/K is a cyclic unramified extension and there are p prime 
ideals in S/K over ir. 

Lemma 6.1. cr^ (ttq) = ttq 

Proof. From relation (|13p o~n(u) = mod ir 2 . From lemma |4"7T1 to = 1 mod 7Tq and 
so o-^uj) = u 1 * = 1 mod 7Tq. Then a; = 1 mod 0"~ (7To) 2 . If (T~ 1 (7ro) ^ ttq it follows 
that w = 1 mod ttq x o" _1 (7Tq), which contradicts lemma [4TT1 □ 

Lemma 6.2. Let irp. = 9 k {iro) for any k € N, 1 < < p — 1. T/ien cr„(7Tjfc) = 7r nfc 
wra/j/i rifc E N, = k x v^ 1 mod p. 

Proof. 

1. From vrg | (w - 1), it follows that ^(vr 2 ,) = vr^ | (uj( k - 1). Then 

C7^ k f | (a» x C fc - 1). 

2. We have a^k) = ^fc+z*. for some £ N depending on /c. From relation (fT3l) 
we know that o-^{uj) = u;^ mod 7r 2 . Therefore 

^-H* I >< C p k ~ I)- 

3. In an other part by the iC-automorphism 9 k+lk of S we have 

- 2 I (a; x C fc+ife - 1), 



so 

*£h* i x e {k+lk) ~ 1). 

4. Therefore TT 2 k+lk | w^C* - C Mfc+/fc) ), and so 

5. This implies that fi(k + Ik) — vk = mod p, so fj,lf. + — t>) = mod p and 
finally that 

/ - h v ~ !- L 

where we know that v — ^ mod p from Stickelberger relation. Then = 



k + k x = k x ^ mod p, which achieves the proof. 

□ 

Lemma 6.3. 
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1. If S/K is a singular primary negative extension then crjf (7Tfc) = ^fc- 

2. If S/K is a singular primary positive or unit extension then ojf 1 ^ 2 (vrfc) = 

Proo/. From lemma we have 4 P_1)/2 (vr fc ) = 7r fc , with k' = kv^' 1 ^ 2 /x"^" 1 )/ 2 . If 
iS/lf is negative then ^(p -1 )/ 2 ^ - ^ 1 )/ 2 = 1 mod p and if iS/if is positive or unit then 
w (p-!)/ 2 ^-(p-i)/2 = _2 moc i p anc i result follows. □ 

Lemma 6.4. T/ie length of the orbit of the action of the group < > on ttq is 1 
and the length of the orbit of the action of the group < a fjL > on m, i = 1, . . . ,p — 1 
is d where d is the order of w/i -1 mod p. 

Proof. For ttq see lemma IBTTl For irk see lemma [631 cr^iTk) = o~(7r nf .) with = 
vfi^ 1 mod p, then a 2 (nk) = a(ir nk ) with rifc 2 = kv 2 [i~ 2 mod p and finally n^ d = 
k mod p. □ 

The only prime ideals of M/Q ramified are lying over p. The prime ideal of K over 
p is 7T. To avoid cumbersome notations, the prime ideals of S over n are noted here 
II or Ilj = 9 1 (Uq), i = 1, . . . ,p — 1, and the prime ideals of M over p are noted p or 
pj, j = 1 . . . , v where v + 1 is the number of such ideals. 

Theorem 6.5. Let d be the order of vyT 1 mod p. There are + 1 prime ideals 
in the singular primary Q-field M lying over p. Their prime decomposition and 
ramification is: 

1. e(p /pZ) = 1. 

2. e(pj/pZ) = d for all j = 1, . . . , ^ with d > 1. 
Proof. 

1. preparation of the proof 

(a) The inertial degrees verifies f^/pZ) = 1 and /(n/-7r) = 1 and so f(U/pZ) = 
1. Therefore, from multiplicativity of degrees in extensions, it follows that 
f(p/pZ) = /(n/p) = 1 where II is lying over p. 

(b) e(ir/pZ) = p - 1 and e(II/7r) = 1 and so e(tt/pZ) = p - 1. 

(c) Classically, we get 

V 

(18) ^2e(Pj/pZ)=p, 

3=0 

where v + 1 is the number of prime ideals of M lying over p and where 
e(pj/pZ) are ramification indices dividing p — 1 because, from multiplica- 
tivity of degrees in extensions, e(pj/pZ) x e(II/pj) = p — 1. 
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2. Proof 



(a) The extension S/M is Galois of degree p — 1, therefore the number of prime 
ideals IT lying over one p is e (n/p) = e (p/.P^)- 

(b) Let c(n) be the orbit of LT under the action of the group < > of cardinal 
p — 1 seen in lemma 16.41 If II = ttq then the orbit Cn is of length 1 . If 
II ^ ttq then the orbit Cn is of length d. If Cn has one ideal lying over 
p then it has all its d ideals lying over p because <r^(p) = p. This can be 
extended to all LT' lying over p with Cr ^ Cn and it follows that when 
II ^ ttq then d \ e(p/pZ), number of ideals of S lying over p. There is one 
p with e(p/pZ) = 1 because C vo is the only orbit with one element. 

(c) The extension S/M is cyclic of degree p — 1. There exists one field N with 
M C N C S with degree [N : M] = 2=1. If there were at least two different 
prime ideals p[ and p' 2 of N lying over p, it should follow that p' 2 = cr^ (p^) 
for some j, 1 < j < d — 1 because the Galois group of S/M is < > and 
the Galois group of N/M is < cr^ >. But, if a prime ideal tt^ of S lies over 
p[ then <7^(-7r/c) should lie over p' 2 . From lemma l6~4"t (J^^k) = ^fc should 
imply that p' 2 = p' l5 contradiction. Therefore the only possibility is that p is 
fully ramified in N/M and thus pO N = p'^" 1 )^. Therefore e(p'/p) = 2=1 
and so e(p'/pZ) = e(p/pZ) x 2=1 | p — 1 and thus e(p/pZ) \ d. From previous 
result it follows that e(p/pZ) = d. Then d > 1 because fi — v ^ mod p 
from Stickelberger theorem. There are 2=1 l prime ideals pi because, 
from relation JTSJ) p = 1 + £^ =1 e(pi/p%) = 1 + v X d. 

□ 

Example: let us consider the case of prime numbers p with 2=1 prime. 

1. Singular primary negative Q-fields 

Here ^ p ~ 1 ^ 2 = —1 mod p and d £ {2, 2=1, p — 1}. Straightforwardly d = 2 is 
not possible: /i 2 = v 2 mod p, then p + v = mod p because mod p, then 

^(p- 1 )/ 2 -|- ^Cp- 1 )/ 2 = o mod p, contradiction because fj,^' 1 ^ 2 = v^ 1 ^ 2 = -1. 
d = p — 1 is not possible because p( p_1 )/ 2 — t/p -1 )/ 2 = mod p. Therefore 
d = 2=1, so the ramification of p in the singular Q-field M is e(po/pZ) = 1 and 
e(pi/pZ) = e(p 2 /pZ) = 2=1. 

2. Singular primary positive Q-extensions and primary unit Q-fields 

Here // p_1 )/ 2 = 1 mod p and d £ {2, 2=1, p — 1}. d = 2 is not possible : 
fi 2 — v 2 = mod p then p + t> = mod p so \x = ti( p+1 )/ 2 mod p, so B p _(p + iy 2 = 
B(p + iy2 = modp where -B( p+ i)/2 is a Bernoulli Number, contradiction because 
B( p +i)/2 ^ mod p. d = 2=1 i s not possible because ^(p -1 )/ 2 = 1 mod p and 



12 



v (p i)/ 2 = _i moc ] Therefore d = p — 1, so the ramification of p in the 
singular Q-field M is e(po/pZ) = 1 and e(pi/pZ) = p — 1. 

Acknowledgments: I thank Professor Preda Mihailescu for helpful frequent e- 
mail dialogues and error detections in some intermediate versions of this paper. 
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